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The two parameter functional model of mass transfer is formulated between the dispersed and
continuous phases without chemical reaction taking place in the dispersion and with negligible
diffusion resistances in the continuous phase. The model takes into consideration polydispersity
of the system and non-linearity of the equilibrium relation. The parameters of the model can be
either estimated on basis of the theory of unsteady diffusion in solid particles or determined
experimentally.

In mass transfer studies in the two-phase heterogeneous system, it is usually necessary
to know the distribution of the transported “active component” (AC) between both
phases. As simple is considered the case when the concentration equilibrium between
the continuous phase (index F) and the dispersed phase (index S) is reached, characte-
rized by the equilibrium distribution

Cs = E(CF) . (1)

At the given total concentration AC in the dispersion, ¢p, it is then possible to deter-
mine the distribution AC between both phases according to Eg. (/) and according
to total balance AC in the dispersion which gives

s + (1 — @) ce = cp . (2

The most important stages of such operations as is leaching of ores, dissolving of
gases in the stirred suspension, drying of materials in the fluidized bed etc., the con-
centration equilibrium between the continuous and dispersed phases is not reached.
Distribution AC between both phases at the given instant is conditioned by the initial
distribution and by the dynamics of processes at which the dispersion approaches
the concentration equilibrium.

In this study is determined the time dependence of concentration AC in both phases
(1), cx(t), at conditions when it is not possible, even approximateily, to assume
equilibrium distribution. We limit ourselves to cases when the compound AC is not
participating on the chemical reaction and when it is possible to neglect resistances
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to mass transfer of AC both in the continuous phase and at the interface. The mate-
rial of the dispersed phase can be taken as the medium whose permeability to
spreading of AC due to concentration differences can be quantitatively characterized
by the diffusivity Dy which is independent of concentration. The resulting theory
applicable e.g. for description of mass transfer of AC in the intensively stirred Jiquid
dispersion at relatively fast concentration changes supplies a simple model of the
considered operations for polydisperse systems with the solid dispersed phase and
for non-linear equilibrium relation (7).

FORMULATION OF THE PROBLEM

At the assumptions given in the introduction, the surface concentration AC on any
part of the surface of the dispersed phase is equal as it is determined by the equilibrium
relation (/) and the instantaneous concentration AC in the continuous phase which
is considered to be perfectly stirred i.e. perfectly permeable. If we know the shape
of all particles and diffusivity AC in the bulk of the dispersed phase we can propose
a detailed description of the time-dependent distribution of concentration AC in
individual particles c(t, r), at the given course of concentration AC in the conti-
nuous phase CF(S), s = t. In the next part we will limit ourselves to the special case
which includes the majority of industrially interesting situations. We assume that in
time ¢ = 0, the dispersed and continuous phases are in the concentration equilibrium
characterized by the constant concentration ¢g or ¢g in the continuous or dispersed
phase and that the relation holds ¢ = E(cf). The concentration field ¢(t, r) in an
individual particle of the given volume V and surface 4 and diffusivity Dy is, according

to the given assumptions, determined the mathematical model -

dc = DgVic; reV,tz0, (3a)
¢ = E(c}); reV,t=0, ) (3p)
c=cp=E(cg(t)); red,1>0. (3¢)

Dependence of mean concentration AC in the particle
&t) = V"J or, i) dV )
v

is thus uniquely determined by the corresponding changes of concentration AC in
the continuous phase cp = ¢g(s),0 < s < 1.

Though, this problem is nonlinear to ¢, it is possible to apply known solutions! ™3
for its solution which correspond to the linear boundary problem at the given surface
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concentration ¢, = E(cg). According to the general theory'-? of this linear boundary
problem it is possible to express the mean concentration AC in the particle cg by use
of the linear response functional® §,

&s(t) = Fleal)]s - ©)

In our case can be thus introduced the corresponding nonlinear response function
by the relations

&(t) = Rlex(s)]o = FLE(x(s))]o » (6)

where cg(1) is the time dependence of concentration AC in the continuous phase
surrounding the particle. .

If the dispersed phase consists of identical particles then &g for a single particle
is identical with & for the whole dispersed phase. But if the dispersed phase consists
of fractions of different sizes, different shapes and different diffusivities then the time
dependences of the mean concentration in individual fractions & (1), i = 1,2, ...
are different and are determined by the response functional R; or §; for the given
i-th fraction. The mean concentration ¢g in the dispersion as the whole is then given
by the average, weighed volume fractions of individual fractions

G = Zi oF Csi ) (7)
(1) = Rer(s)]s = F[E(ce(s))] , ®)
where

Rcr(s)]o = X & Ri[er(s)]o » (9a)
%[CA(S):]:) = Zi oF &["A(S)]B . (9b)

The total material balance AC in the dispersion can be now expressed according
to Eqs (2) and (8) in the form

¢ BLE(er(s)]o + (1 = @) ex(t) = eol1) - (10)

In some cases it is possible a priori to fix the time dependence of cg. But more usual
is the case where the total amount AC transferred from outside into the dispersion
is given as a whole. In such case the function cy(t) is a priori determined and for
determination of cF(t) it is necessary to solve the non-linear functional equation (IO)A

In the following part of this study we will deal with two questions. First is the
question of the suitable approximative expression of the response functional §,
suitable for practical computations. As we will see such expression can be found in the
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form of a single integral operator which includes three adjustable parameters ¢, i, &
by which it is possible to characterize each dispersion system. To this topics is devoted
the first part of this study. The second question is determination of the mentioned
three adjustable parameters. From the approximative theory results for them some
expression on basis of other characteristics of the dispersion (diffusivity AC in the
dispersed phase and the granulometric compositon of dispersion), but more inte-
resting is the possibility of determination of these parameters by evaluation of
corresponding experiments. The approximative theory of such experiment is given
in the second part of this study. In the last part is considered the possibility to include
the effect ol diffusion resistances in the surrounding of particles of the dispersed
phase into the mentioned approximative description.

APPROXIMATIVE REPRESENTATION OF THE RESPONSE FUNCTIONAL IN POLYDISPERSION
SYSTEMS

We have demonstrated in our recent studies® that for individual particle of an ar-
bitrary shape, it is possible for an arbitrary dependence of the surface concentration
¢ca(1) to approximate the response functional

&(1) = §lea(s)lo
by asymptotic series in diferintegrals®*

Fleals)s = eal02) + (52 dTH? = s d ) [ealt) — ca(0-)]; De > 1
(11a)

Fleals)]o & (1 + Bodsd) cat); De < 1. (116}

or

The dynamic criterion De = Jgft, is the relative size of the rate of concentration
changes on the surface of particle with respect to its ability to respond to these chan-
ges®. For De » 1 we consider the fast and for D < 1 the slow operations.

Let us consider cases when all fractions of the considered dispersed phase which
are of significance for balance are represented by so large (or small) values g that
the concentration operations for each of these fractions can be considered as suffi-
ciently “fast” (or sufficiently “slow”) in the sense of approximative representations
(11a, b). Then it is possible to approximae the response functional & for the dispersed
phase as the whole according to Eq. (9b) by relations

Sleals)]s ® ca(0-) + (s 1Pd72 — BA5d7Y) (ca(t) — ea(0-)), De ! <1

(12a)
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Sleals)lo ~ (1 + Bod) eal), De <1, (120)

where all the considered mean values are in agreement with Eq. (9a) weighed by the
volume fractions of individual fractions thus e.g.

De=Y, ¢ De;=1" Y, dThei = 15" %, (713)

where s ; = V47 *Dg | for the i-th fraction of identical particles and ¢ the relative
volume fraction of the i-th fraction is independent of the ratio of continuous and
dispersed phases in the heterogencous system

‘/’.* = ¢i/2i ¢i = ¢./¢ . (14)

Now, let us consider the case, when all particles of the dispersion are of the same
material, Ds = const. Then the parameter 25 '/ in Eq. (/2a) can be expressed as

IS =Y, oF AV DS = DSyl = Dy gk, (13)

where  is the total macroscopic surface of all particles of the dispersed phase, related
to unit volume of dispersion as a whole (so-called specific surface of the dispersion).
The ratio

= o (16)

is thus independent of concentration of the dispersed phase in the dispersion.

The parameters B A5 \, Bols, 45 © and A do not already have so illustrative macro-
scopic interpretation. Nevertheless, it is possible to express these parameters for the
system of geometrically similar particles of the same material by use of the granulo-
metric composition of the dispersed phase. But we limit ourselves here to the case
of discrete distributions characterized by the relative volumetric representation ;"
of individual fractions of identical particles.

For the geometrically similar particles the ratio 4;/?/V;!® = B, is independent
of their dimensions. The shape factor §, can be expressed also by use of the specific
surface of dispersion, and of the granulometric composition

B = AV =gy GV, (17

By application of this identity it is possible, for systems of geometrically similar
particles having the same diffusivity Dg, to express the parameters Zs and A3 ! by
relations
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Ts= (77, %5 = (s ), (18a,b)

where {,, {, are normalized functionals of the granulometric composition of the
dispersed phase

lo = (Z- (/)i*ViZ/J) (Z. e Viilu)z , (l9a)
(w = (Zn ¢ V;—zn) (Zn ‘f)?Vi_“JYZ . (19}))

For the system of geometrically similar particles there obviously holds

Buds ' = Bods | = EuBu(is )2, (200)
m = ﬂojs_= éoﬁo(fwz)iz - (20}’)

The qualitatively used term “‘fraction significant for balancing” can have a different
significance in the regime of fast operations, where the intensity of transfer AS depends
first of all on the total surface of the given fraction and in the regime of slow operation
it depends first of all on the volume of the given fraction. This differentiation is in-
cluded in the definition of individual mean relaxation times. While ir17S are significant
contributions of fractions having large volume in A5 ' and X /% are of significance
contributions of fractions with large surface. For example the mixture of equal volu-
mes of two fractions of spherical particles with Dg ~ 3. 107> m?s™!, one of which
consists of particles with the diameter 0-01 mm, i.e. 45, ~ 100, the second consists
of particles with the diameter 0-001 mm, i.e. A5, = 1s is )Zz 50.5,\‘(75_—1)" ~2s
a (A5 7%)7% ~ 3. The criteria of sufficiently fast operations is according to Eq.
(/2a) the incquality De ! <1ort<(ls’) '~ 2s and of the sufficiently slow
in the sense of Eq. (12b) it is possible to consider the operations for which ¢, > /TS ~
~ 50s. .

In comparison with monodisperse systems for which the regions of “fast” and
“slow” operations (Ua, b) are in close vicinity, the use of asymptotic representations
(/2a, b) for polydisperse systems is thus rather limited.

From the given example it is also obvious that the detailed considerations on the
effect of ““shape” factors on the concentrations in dispersed systems® have only an
academic significance as the concentration responses in actual heterogeneous systems
will be sensitive first of all to details in granulometric composition of the dispersed
phase.
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FAST ASYMPTOTE AS THE PHENOMENOLOGIC MODEL

In sufficiently slow processes for which De < 1 it is possible with relatively small
errors as to ¢s(t) to neglect in the asymptotic representation (12b) the “kinetic” term

Borsd.ca(t) and thus to assume the equilibrium distribution AC between the conti-

nuous and dispersed phases.The situation is different with the approximative descrip-
1

tion of fast operations De™' < [, where the negligence of ‘‘kinetic” terms would
mean neglecting of the whole mass transfer between the continuous and dispersed
phases. In the next part we will limit ourselves to the study of properties of the
approximative model (12a) which can have interesting practical applications in the
region of fast or short processes of mass transfer in heterogeneous systems.

In the approximative functional relation (/2a) there appear two kinetic parameters
2s %, B.2s T which can be expressed on basis of properties of individual particles
by Egs (15) and (20a). But there appears as more realistic such an approach in which
the mentioned kinetic parameters are considered as adjustable material constants
of the given dispersion which must be determined by evaluation of the corresponding
experimental data.

The considered experiment is performed so that into the intensively stirred disper-
sion which is in time ¢ = 0 in the internal concentration equilibrium, characterized
by the corresponding distribution AC between the continuous and dispersed phases,
which is given by relation

OE(eE) + (1 = 6) ¢ = eo(0-) (21a)

to which is in time ¢ = 0 suddenly added a final amount AC which step changes
the original balance concentration ¢y(O_) to another value ¢(O.,) to which there
corresponds the step change cg(t) from the value ¢{O_) = c}. to the value

e(04) = €@ = ¢& + (cx(0,) — ap(O_))J(1 — ¢). (21b)

We assume that with some sufficiently fast reacting sensor (conductivity cell,
potenciometric electrode) it is possible to follow the time dependence of concentration
AC in the continuous phase cg(t) which in time ¢ = 0 is step changing from ¢ to cp
and then it is approaching a new equilibrium value c¢? between both limiting values
¢z and ¢} and is according to Egs (/) and (2) the solution of equation

PE(cF) + (1~ @) cf = ¢E(cE) + (1 — ¢) ez (22)

We will now be interested in a theoretical forecast of the dependence cg(t) in this
experiment on basis of the approximative model (12a), which can be arranged ac-
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cording to Eqs (10) and (2/a, b) into the balance relation in the form
(Ag'Pd7Y% + E45 %A 1) [eat) — ca(O2)] + ce(f) — 2 =0,  (23a)

where there is
cat) = ea(0-) = E(cg(t)) — E(cf) (23b)

and where the quantities 1, and &, given by relations

Zo=(1-¢) o7 (557772, (24a)
E=(1-¢)¢7 () (Buhs ) (24b)

are considered to be the primary material constants of the given mixed fluid dispersion.

To be able to solve generally the functional Eq. (23) we must choose some modified
representation of the equilibrium relation E(CF). We know that ¢ can reach at the
given conditions only values from the interval (cg, i) where ¢ is the given initial
condition and cf is the solution of Eq. (22). On this interval (or on the interval
(e, cf) in the case ¢f < cf), we choose the polynomial representation E(cg) e.g.
but not necessarily — as the Taylor expansion in the environement of the point cf

Eler) — E(e5) = AE (1 + X (~1F 4,09, (29)

where we have introduced the dimensionless coricentration variable by relations

C = (cf — c())/Ac, (26)
Ac=c2 —ct, (27)
AE = B(e8) — () 9
and (e.g.)
(6 [
A= (aTk E(c)) et (29)

On introduction of the dimensionless time variable by the relation

2
T= ég k3 (30)
Ac) 2o

and by substitution of new variables according to Eqs (25)—(30) into (23) it is pos-
sible to obtain the suitably normalized formulation of the problem by the equation
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(@7 = ) [+ 3 (-8, = (1), e
where

Ac
y=—¢<l ¢2)
AE
is characterizing the size of secondary effect of the second kinetic term dy .
At first let us look up the solution for the case when in the range of values ¢f and
¢o it is possible to approximate the equilibrium relation linearly E(CF) - E(c;—) ~

~ (cp — ¢§) AE[Ac. In this case A, = 1, 4, = 0for k = 2,3,... and the functional
relation (3/) becomes linear

(@7 =1 -0 =c. (33)

The solution can be found e.g. by use of the Laplace transformation in the closed

form
T)=1-o" [wTH eerfc (L;l T”z) +

= ! eerfe (— wT—l 71/2)] , (39

eerfc (+z) = exp (%) (1 — Erf (£2z)) (3%)

w
+

where
and
o = (1 + 4y)"%. (36)

This solution of the linear problem (33) is known®” as the asymptote of the corres-
ponding exact solution of the problem on unsteady diffusion AC from the final
volume of the mixed liquid into the spherical particle. By suitable approximatjons of
function (34) the power expansion with respect to T'/? are obtained in the form

o(T) ~ % TV — T(1 +9) + 4 T2 (1 +2y) - 3TH1 + 3y +9%)  (37)
Jr 3/n

and the asymptote for y — 0 at the arbitrary final T, by relation
C(T) ~ 1 — eerfc(TY2) + 0(y) . (38)

The approximative results according to Eqs (34), (37) and (38) were compared
with the exact solution of the problem for unsteady diffusion AC from the finite voly-
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me of the fluid into the system of identical spherical particles when there holds
y = (1 — ¢) (3¢ AE[Ac)™". For graphical plot of concentration changes it seems
advantageous to introduce new reduced variables Z = (1 + 3y)"2 T, C*(Z) =
= C(T)/C() = (1 + 3y) C. These variables were introduced so that C* is changing
in the range from 0 to | and the function C*(Z) has for all values of y a common
initial shape

CHZ) =2 Ynz'?, Z <1. (39)

The exact dependence’ of C*(Z) and the approximative dependences according
to Eq. (34) differ in the region where C* < 0-8 less than by 1%} and thus in Fig. 1
they merge. In Fig. 1 is also demonstrated the accuracy with which the exact depen-
dences C* are approximated by the four-term polynomial according to Eq. (37).
Even in the less favourable case y — 0 is this polynomial approximation applicable
with a good accuracy in the region C* < 0-4 i.e. still at the 40 saturation of particles.

Solution of the non-linear functional equation (31) cannot be found in a closed form.
But as already the own formulation of Eq. (31) is limited by the assumption of fast
and short time existing operations with T — 0, it is possible to consider the power
expansion

Cc(T) = 2 iz _ T(4, +79) + A& e (Af + 24, + ALAZ) -
Jr 3/n n
4 6
—iT? <Ai + 34%y + Ay + (; + 3) A4, +9) + —R-AJ)— (40)

as adequate approximative solution of the general non-linear problem (31). From
the analogy with the corresponding power expansion (37) for the linear ‘equilibrium
relation can be expected that the approximative solution in the form (40) i.e. with
the first four terms of the power expansion in T'/2 represents the unknpwn exact

1 FiG. 1
! Time Dependence of Concentration AC in
23 the Stirred Continuous Phase After Sudden
= 4 Addition of AC
Solid curves represent exact dependences

¢ -7 of the reduced concentration or of their
approximations according to Eq. (34), dashed
lines are approximations according to Eq.
) {37). Numbers 1 to 5 denote dependences
0 55 5 2V fory oo, 3, 1/3, 1/27, 0.
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solution with the accuracy better than 1% from the value (cf® — cf) roughly in the
region C[/C(e0) £ 0-4 or T < 0-8. In this region Eq. (40) is suitable as the theoretical
basis for evaluation of parameters 4., £ at the known equilibrium relation. For an
adequate representation of E(cF) in the range of the considered approximation
suffices its dependence in the region cpe < ¢, cf + 0-4(cf — cf) > by the poly-
nomial of second degree.

EFFECT OF EXTERNAL DIFFUSION RESISTANCES

‘We would like to demonstrate here how it is possible to make use of the formalism
of response functionals at modelling more complex transport problems. Under the
term “‘external diffusion resistance’ we understand the resistances to transfer AC
between the dispersed and continuous phases concentrated in a thin layer of fluid
adhering to the surface of the particle. These resistances are dependent on the flow
kinematics of the fluid in vicinity of the particles and on development of the concentra-
tion field in the fluid and in the particle. To an estimate of the order of magnitude
of the effect of external diffusion resistances it is usual to base the model on an
empirical film mass transfer coefficient in fluid hy which we define for the system of
identical particles by the relation

Red o5 = Rs_th(CF - C:) , (41)

where ¢} is the concentration AC in the fluid in close vicinity of the surface of the
particle and cg is the concentration AC in the perfectly mixed core (bulk) of fluid,
so that there holds

E(c}) = ca resp. ci = E¥(c,). (42a, b)

The relation Rsd,és = V|AdEs obviously gives the mean intensity of flow AC
across the interface.

The mean concentration ¢g in the dispersed phase consisting of identical particles
can be expressed as the response to the corresponding time changes of concentration
cx(t). By application of the balance relation

G+l —¢)er=1cp (43)

and Eq. (4/) it is possible to express c(¢) in the terms of ¢ and c;, and to obtain the
formulation of the problem in the form

¢ FLE{ce(s) + R3n: '~ H(1 — @) deg(s) — dep(s))} ]ico + (1 — @) cp = ¢p,
(44)

where cp(t) is given and cg(2) is the wanted function of time.
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For the asymptotic representation of the response functional according to Eq.
(12a) and at the assumption of linear equilibrium relation it is possible to simplify
Eq. (44) and to arrange it into the form of linear differintegral equation. In the
special case when for the problem considered in the last paragraph the relation holds

eo(t) = cp(04) = PE(ck) + (1 — ¢) <2, (45)
it is possible, after the mentioned simplification, to express Eq. (44) in the form

(nd'? + (1 + my) + d7 "2 + 9d7 ") C = (d7 V2 + yd7 ) 1, (46)
where

()

1

_ ¢
La—

We limit ourselves to the case y = 0, when the solution of this differintegral equation
can be expressed explicitely in the form

aT)=1- (zx)-1<(1 +%) eerfc( - Tuz) _

~ (1 = weerfe (l;_n" T‘”)) , (48)

where )
0= (1 — an)'2 . (49)

In the estimate of region of relevent values # it is possible to start from the assump-
tion that the film resistance is represented by the fluid film whose thickness § is
a certain multiple of the particle diameter 6 = ¢ . Rs.

FiG. 2
Effect of External Resistances on Time De-~
pendence of Concentration AC in the Stirred
Continous Phase After Sudden Addition
of AC, y = 0 according to Eq. (48)
Numbers 7 to 3 denote the dependences
of C(T) for =0, 0-05, 0-01.

0 1 2 gm 3
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The parameter n can be then expressed in the form

0~ ¢ _ Dy (50)
1-¢ De

Even at the extreme assumption & $/(1 — @) = 1 is § = Dg/Dg < 1. In this T¢gion

of values of the parameter # there holds for T/ > 7 a simple empirical apProxi-

mation

C(T,n) ~ 1 — eerfc (T'? -~ y), (51)

as is obvious also from Fig. 2.

There is no reason why to discuss the effect of external resistances in the intensively
mixed dispersion as there are no available data which would enable more accurate
estimate of values of the parameter 7 especially of its dependence on ¢ and Rg
under the mixing conditions. Let us only note that in the case when hj is independent
of the particle dimensions it is also possible to obtain for the polydisperse system
the description of the considered process by the relation (46) with the difference
that # is then given by relation

n=—

1—¢ 2@ AT, (52)

Sl

CONCLUSIONS

In this paper is studied the unsteady mass transfer between the well stirred fluid and
particles of the solid phase dispersed in it. The basical simplification considered is
the assumption that the diffusion resistances in the liquid can be neglected and that
the rate of the whole operation is controlled by unsteady diffusion in partides of
the dispersed solid phase. The main result is in the formulation of the functionalmodel
(12a) for fast concentration operations. This model includes both the payameters
b, E(CF) for whose determination suffices to perform equilibrium experiments and
two “kinetic’” parameters A; /2, BoAs . A method is proposed for experimental
determination of these kinetic parameters which is based on measurement of de-
crease in concentration of the active component in the liquid phase after sudden
(momentous) addition of this component into the dispersion.

The proposed model seems to be an adequate approximation of real operations
even in the case when all diffusion resistances in the liquid phase cannot be completely
neglected, when the flow in the liquid phase is turbulent and the ratio of diffusivities
AC in the solid and liquid phase is smaller than 0-1 i.e. Dg/Dg < 0-1. This is proved
by the approximate analysis of the model with included resistance in the thin flm of
stagnant fluid around the particle.
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In the proposed model are not, however, included effects related to the resistance
to spreading of the active component across the dispersion which are of significance
in the case where the liquid dispersion is stagnant or in laminar flow. These effects
will be considered in our next study®, see also®.
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